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_ ' Abstract. We present a phase space formulation of quantum mechan- 

ics in the Schrodinger representation and derive the associated Weyl 
' pseudo-differential calculus. We prove that the resulting theory is uni- 

tarily equivalent to the standard "configuration space" formulation and 
show that it allows for a uniform treatment of both pure and mixed quan- 
tum states. In the second part of the paper we determine the unitary 
C*| , transformation (and its infinitesimal generator) that maps the phase 

O j space Schrodinger representation into another (called Moyal) represen- 

1 tation, where the wave function is the cross- Wigner function familiar 

'-pi , from deformation quantization. Some features of this representation are 

■ studied, namely the associated pseudo-differential calculus and the main 

spectral and dynamical results. Finally, the relation with deformation 

i— —i, quantization is discussed. 

y—i • 
>'. 
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i/") ■ 1. Introduction 
00- 

t— 1 1 A key principle of quantum mechanics states that the fundamental config- 

■ uration and momentum operators satisfy the commutation relations of the 

'. Heisenberg algebra 
(N- 

t-h- (1.1) { Xj ,£ k ]=i5 jk j,k = l,..,n 

# ^ | all the other commutators being zero. The most standard implementation 

^ ■ of this algebra is given by the Schrodinger representation, where Xj and £j 

H . are viewed as self-adjoint operators 

Xj = multiplication by Xj , = — id Xj 

acting on the Hilbert space L 2 (R n ) of square integrable functions (with 
support) on the classical configuration space M n . It is well known that the 
quantization rules 

Xj > Xj , £j > £j 

do not provide the complete information on how to quantize an arbitrary 
classical observable since the formal prescription a(x,£ x ) < — > a = a(x,^ x ) 
(where x = (xi, x n ), £ x = (£i>— >£n)) ^ s or der ambiguous. The Weyl 
pseudo-differential calculus yields the standard (but not unique) solution 

for this problem |31| \T7\ I32j. The Weyl correspondence a a w is a one- 
to-one linear map that associates with each symbol a G S"(M 2n ) a linear 

l 
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operator a w : S(W n ) -> S'(M. n ), uniquely denned by 

£lW= \^~) I F a a(xo,£, )f(x ,^ )dx d^ 

where the integral is a Bochner (operator) integral, 

(1.2) F a a(x ,t Q ) = (±X I a(x,Ue l{xo< ^ x) dxd^ x 

is the symplectic Fourier transform of a and T is the Heisenberg-Weyl op- 
erator, defined for all ip 6 L 2 (M. n ) by 

T(x , £ Q )ip(x) = e i( -^ x -^- X0 ^(x - x ) 
We now observe that: 

(1) The Schrodinger representation is by no means the unique possible 
implementation of the commutation relations (jl.ip . The momentum repre- 
sentation in L 2 (M n ) is a well known alternative. More generally, any uni- 
tary operator U : L 2 (R n ) — > L 2 (K n ) generates another "quantization rule" 
through the prescription 

x — ► UxU- 1 i x — > UlxU- 1 

(2) Other interesting representations can be obtained by implementing 
the observables x and £ ffi as operators acting on Hilbert spaces, other than 
L 2 (R n ). 



This second possibility was seriously considered in a series of papers [291 
[16j HH HH [201 ED M focusing on representations in terms of operators acting 
on the Hilbert space L 2 (R 2n ) of functions with support on the phase space 
M 2n . The Frederick and Torres- Vega representation [291 116]. 

.d_ ~ _.d_ 

leading to the Schrodinger equation in the phase space 

i^(x,p,t) = H(x + i^-,-i^-)^(x,p,t) 

and the "Moyal" representation (given by the "Bopp shifts" [8]) 

19 ~ Id 

(1.3) x ^ X = x+-i- , t x ^ 3a =p--i- 

are two examples of this sort. 

The latter, more symmetric, representation leads to what we shall call the 
" Moyal- Weyl pseudo-differential calculus" originally presented in [20] and 
further studied, in connection with the related " Landau- Weyl" calculus, 
in [I8l EL]. The representation eq. fjl .31) is intimately connected to the 
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deformation formulation of quantum mechanics. Indeed, for an arbitrary 
Weyl symbol a f— ^> a^ 7 , we have in the Moyal representation [19| [20] 



a(X,E x ) = a(x,p)* 
where * is the Moyal starproduct [5], [32] . Hence, the stargenvalue equation 

(1.4) a(x,p)*V\(x,p) = X^x(x,p) 
can be written in the form 

(1.5) a(X, E x )^ x (x,p) = X^x(x,p) 

Moreover, it was also proved in |19[ [20] that the solutions of the previous 
eigenvalue equation (|1.5p are related to the solutions of the usual eigenvalue 
equation 

(1.6) a(x,£ x )i/) x (x) = X^x( x ) 

by the action of intertwining operators Ws : L 2 (R n ) — > L 2 (R 2n ) defined for 
each 4> 6 5(M n ) by 

, x x n/2 , 1 1 

9(x,p) = W^(x,p) = I— J J ^ e ip - y iP(x + -y)4>*(x - -y) dy 

and related to the cross Wigner distribution W(ip,<f)) by a simple normal- 
ization factor 

W^ = (27r) n / 2 W(iP,0). 

Combining the two results (the equality of the two equations (jl.4p and (|1.5p 
and the relation - given by Wa - of the solutions of eq. ([1.5p with those 
of eq. ([1.6p ). de Gosson and Luef [20] found a simple proof of the spec- 
tral relation between Schrodinger quantum mechanics and the deformation 
quantization of Bayen et al. [5j |6] . 

Some of these results were generalized in [13] where an extension of 
the "phase space Moyal representation" (|1.3|) and the associated pseudo- 
differential calculus, allowed for the precise construction of the quantum 
theory associated with the extended Heisenberg algebra. The resulting "non- 
commutative quantum mechanics" displays an extra noncommutative struc- 
ture in both the configurational and momentum sectors and has played an 
important role in some recent approaches to quantum cosmology [3"1 [4} [71 [10] 
and quantum gravity [141 130] . Furthermore, the relation of the approach of 
|13j with the deformation formulation of noncommutative quantum mechan- 
ics [U [2] was studied in [12] . 

In this paper we intend to further study the structure and the properties 
of the phase space formulation of quantum mechanics, focusing, this time, 
on the most central (and simplest) Schrodinger representation 

_^ Y- t 
X r y± — X , q lX r ^ x — * n 

OX 

(where the operators X, E x act on phase space functions V(x,p) € L 2 (R 2n )) 
and on its relation with the Moyal representation (jl.3p . In addition, we will 
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also discuss some features of the phase space formulation of mixed quantum 
states. 

More precisely, we will: 

(1) Present the phase space formulation of quantum mechanics in the 
Schrodinger representation. 

(2) Determine and study the associated Weyl pseudo-differential calculus. 

(3) Study the relation of the "Schrodinger phase space representation" 
with the "Schrodinger configuration space representation". In particular, 
show that there is a family of isometries T x : L 2 (R n ) — > L 2 (R 2n ) (indexed 
by X £ L 2 (R n ) : llxll = 1) that intertwine an arbitrary configuration space 
operator a with the corresponding phase space operator A. 

(4) Show that the phase space formulation of quantum mechanics allows 
for an uniform treatment of both pure and mixed quantum states. 

(5) Prove that the Schrodinger phase space representation and the Moyal 
phase space representation are unitarily related. Determine the one-parameter 
group of unitary transformations (and its infinitesimal generators) that con- 
nects the two representations and use it to prove the main spectral and 
dynamical results of the Moyal representation. 

(6) Discuss the relation of the Moyal representation with the deformation 
quantization of Bayen et al. 

1.1. Motivation: Double phase space formulation of classical me- 
chanics. Let us consider a dynamical system living on the phase space 
R n © R n spanned by the canonical variables (x, £ x ) which satisfy the usual 
Poisson bracket structure {x, £ x } = I (where / is the n x n identity matrix) 
all the others being zero. Let h(x, £ x ) be the Hamiltonian of the system. 

A trivial formulation of this system in the double phase space is obtained 
by considering the extension ((p, £ ) G R n © R n ) 



yields exactly the same predictions as the original formulation in terms of 
the standard phase space observables a(x, £ x ). Notice that the role of the 
constraints here is only to fix the initial values of the non-physical sector 
of the theory. The constraints commute with the new Hamiltonian and are 
thus preserved through the time evolution. 




(all the other commutators being zero) and the new Hamiltonian 



subjected to the initial data constraints 

(1-7) p = Po , £ P = (, p0 



The new set of observables 



(1.8) Ai(x,p,£ x ,Z p ) = a(x,€ x ) 
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Another double phase space formulation of classical mechanics is obtained 
from the action of the symplectic transformation 

x — >x- £ p /2 

r>2n m Tn)2n . Tn>2n m Tn>2n 



(1.9) 



P >P~Cx/ 2 

I £ P — >• V 2 + x 

on the previous double phase space formulation. The classical system is 
then described in terms of the new observables 

A 2 {x,p, £ x , Q = A 1 (x- £ p /2,p - £J2, ij2 + p, £ p /2 + x) 

and the new double phase space Hamiltonian 

H 2 (x,p,^ x ,Q = ffi(x-e p /2,p-^/2^ x /2 + p,^/2 + x) 

= h(x-Z p /2,£ x /2 + p) 

which yield, of course, the same physical predictions as the original double 
phase space formulation in terms of the Hamiltonian Hi and the observables 

Loosely speaking, this paper is devoted to presenting the quantum coun- 
terparts of the two former double phase space formulations of classical me- 
chanics, to studying their properties and their relation with the standard, 
configuration space formulation of quantum mechanics. In spite of their ap- 
parently simple structure, they yield quantum theories which display a set 
of quite interesting properties, namely an uniform description of pure and 
mixed states and a remarkable connection with deformation quantization. 

Before finishing this section, we note for future reference that the transfor- 
mation S can be written as the composition of the two following symplectic 
maps 

S = S R (7r/4)oS D {\nV2) 

where 

S D (s) :R 4n ^M 4n 
Sd(s){x,p,£ x ,S p ) = (e s x,e s p,e- s £ x ,e- s Q , s £ R 
and Sr(9) is a double rotation in the (x,£ p ) and the (p,£ x ) planes 

S R (9) : M 4 " — »• R 4n 

S (Q\.{ > ( X COS e ~tp Sil1 d ' X S[n6 + tp COS °) 

R I (P,Zx) — »• (P cos sin(9 > P sin # + Zx cos 9) 

The infinitesimal generators of Sd and Sr are the Hamiltonians 

(1.10) H D = x-S x +p-Z p 
and 

(1.11) H R = -Z x -S p -x-p 
respectively. 
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1.2. Notation. A generic point of the original phase space R = R n ©R n is 
denoted by z x = (x, £ x ) and that of the double phase space R 4n = R 2n ©R 2n 
by Z = (z x ,z p ) where z p = (p, £„). We will also use z = (x,p) and zq = 
(xq,£ x0 ). The symplectic form on R 2n is a(z x ,z' x ) = £ x ■ x' — £' x ■ x and 
on R 2n © R 2n is a x © a p (Z, Z') = a(z x , z' x ) + a(z p , z' p ). The corresponding 
symplectic groups are denoted by Sp(2n,a) and Sp(An,a x © a p ). 

We write 5(R n ) for the Schwartz space of rapidly decreasing test func- 
tions on R n and 5'(R n ) for the dual space of tempered distributions. The 
notation (a, t) stands for the action of the distribution a on the test func- 
tion t. Symbols (or classical observables) on R 2n are denoted by small Latin 
letters a, b, ..; if they have support on R 4n they are denoted by capital Latin 
letters A,B, .... The wave functions in L 2 (R n ) are denoted by small Greek 
letters ip,<f>,... and those in L 2 (R 2n ) by capital Greek letters ^, <&,.... The 
standard inner product on L 2 (R n ) is written (ip\<f>); on L 2 (R 2n ) is ((*|$)). 
The corresponding norms are HV'H and 

Operators acting on functions (or distributions) on R n are usually denoted 
by small Latin letters with a hat a,b\... and those acting on phase space 
functions or distributions usually by A, B, ... if they are in the Schrodingcr 
representation and by A, B, ... if they are in the Moyal representation. Weyl 
pseudo-differential operators display a W-superscript. The superscript * 
denotes both the complex conjugation (for functions) and the adjoint (for 
operators). 

The unitary Fourier transform and its inverse on L 2 (R n ) are defined by 

^(p) = T x [<j>{x)]{v) = j^-ji [ e-^^x) dx 

and 

J-- 1 [0(p)](x) = -^ / e ix ^(p)dp. 

The same notation will also be used for the generalized (i.e. distributional) 
Fourier transform. 

2. Phase space quantum mechanics in the Schrodinger 
representation: General results 

The key object relating the configuration and the phase space Schrodinger 
representations of the Heisenberg algebra is the map 

(2.1) T x : L 2 (R") — > L 2 (R 2n ); V -> T x [1>] := V © X* 

which is defined for some fixed x € L 2 (R n ) such that ||x|| = 1. Since, for all 
£ L 2 (R n ) 

((T x [V>]|T x [0])) = (</>|<A) 

T x is an isometry from L 2 (R") into a subspace 7i x of L 2 (R 2n ). Hence the 
map T x is also linear, injective and continuous. We then have the following 
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Definition 2.1 (States). The states of the new (phase space) formulation 
of quantum mechanics are the wave functions 



which form the Hilbert space % x =Ran T x C L 2 (R 2n ) (Corollary 2.5, bel- 
low). 

Notice that: 

Remark 2.2. The choice of a particular \ plays here the same role as the 
imposition of the classical constraints (jl.7p in the classical double phase 
space formulation. In fact, just like in the classical case, this imposition 
tantamount to the complete specification of the initial data for the unphys- 
ical sector of the theory. Notice also that the quantum states do not satisfy 
the strong (Dirac) version of the quantum constraints [23] 



which may be seen as a necessary, but not sufficient, condition for the states 
to be of the form (jiOj) . 

A key property of T x is given by: 

Theorem 2.3. The adjoint T* is the map 



(2.2) 



V(x,p) = T x [ip](x,p) = ip(x)x*(p) 




((*|(p-poW) = o , ((*|(l p -Cpo))*)) = o 



T* : L 2 (M. 2n ) 



L 2 {R n ) 




Proof. Consider the most general states 



(^(z),¥(a?,p)) G L 2 (R n ) x L 2 (R 2n ) 



for which 



(2.3) (^k) = ((*|T x [</>])), V^L 2 (R"). 




{^\4>) = ((*|0®X*)). V0GL 2 (M") 
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It also follows that ip £ L 2 (R n ) if * G L 2 (R 2n ) and so D(T*) = L 2 (R 2n ), 
which concludes the proof. □ 

Remark 2.4. Let T~L X =Ran T x . The restriction 

T*:H X ^ L 2 (R n ) 

is a one to one map and is the inverse of T x . The proof is trivial. 

Moreover: 

Corollary 2.5. The operator 

P x : L 2 {R 2n ) — ► L 2 (R 2n ), P x := T x o T* 

is a projector and 

7i x = RanT x = RanP x 
is a Hilbert space, Hilbert subspace of L 2 (R 2n ), with the inner product 

(2-4) ((T x [0]|T x [V>])) = (^V) 

Proof. P x is an orthogonal projector because (i) P x = P* and (ii) P X P X = 
P x . The first identity follows from T** = T x : 

((<& | p x m)) = ((* I r x T*[*])) = (r*[$] I r*[^]) 

= ((T X T*[$] | *)) = ((P x [$] | *)) , V$, * G L 2 (M 2n ) 
To prove (ii) just notice that T*T X is the identity on L 2 (IR n ). 

Since the range of T* is L 2 (R n ) which is the domain of T x (and P x = 
T X T*) we have Ran T x =Ran P x . On the other hand, the range of a projector 
in a Hilbert space is a closed linear subspace of that Hilbert space, thus also 
a Hilbert space. Hence, H x =Ran P x is a Hilbert space, subspace of L 2 (R 2n ) 
and with the same inner product. The identity (|2.4p follows trivially . □ 

Remark 2.6. Notice that there are many possible choices for the space 
of states H x . This is related, of course, to the possibility of choosing \ 
arbitrarily in L 2 (R n ). However, these (different) phase space formulations 
are related by the one to one, orthogonal transformations 

and are thus completely equivalent. 

We now introduce operators on % x : 

Definition 2.7 (Phase space representation). For each "configuration space" 
operator 

a:D{a) C L 2 {R n ) — > L 2 (R n ) 
we define an operator on % x 

(2.5) A : D(A) (ZU x ^fU x 

given by 

D(A) = T x [D(a)} 
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A* = T x aT*^ , V* G D(A) 

and call A the "phase space operator associated with d" or, more precisely, 
the '"^-representation of a" . 

Remark 2.8. Notice that for 

a = X{ = multiplication by Xj in L 2 (R n ) 

the associated operator is 

A = Xi = T x XiT* = multiplication by x,- t in U x C L 2 (R 2n ) 

and for 

a = h = -id Xi (inL 2 (R")) 

we have 

A = Ei = T X ^T* = -id Xi (in U x C L 2 (R 2n )). 
Hence, each map T x generates a phase space Schrodinger representation of 
the Heisenberg algebra from the original configuration space Schrodinger 
representation. 

We proceed with the study of some properties of the operators A. 

Theorem 2.9. Let A be the phase space operator associated with a in the 
sense of the Definition 2. 7. Then 

(1) A is symmetric iff a is symmetric. 

(2) A is self-adjoint (as an operator in % x ) iff a is self-adjoint. 
Proof. 1) From 

A* = T x aT* T x [tp] = T x [a^], V* = T x ty] G D(A) 
it follows that 

((A* | $)) = ((# | A$)), V*,$eL>(A) 

^ {(T x [W]\T x [<f>])) = ((T x M|T x [a0D), V^^D(a) 
(atp | <f>) = | &((>), Vip,4>e D(a) 
and so A is symmetric in D(A) iff a is symmetric in D(a). 

2) Let a be defined on a dense domain D(a) C L 2 (R n ) and consider the 
most general solution (V>,f) G L 2 (K Tt ) x L 2 (M n ) of 

(2.6) (£|0) = (V|a0), V0GD(a) 

Then V G D(a*) and a*ip = £. For * = T x [ip] <=^ tp = T*[tf] and E = 
T x [£] <^=^ £ = T* [S] , the previous equation is equivalent to 

((S | $)) = ((* | A$)), V$ £ 

and so (since D(A) = T x [D(a)} C H x is also dense) ^ G D(A*) and A*^ = 
5. Hence 

£>(A*) = T x [r>(a*)] , A* = T x a*T*. 
It follows that a = a* A = A* as claimed. □ 
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Theorem 2.10 (Spectral results). The state G H x is a solution of the 
eigenvalue equation 

(2.7) = A* A 

iff ^\ = T x [ip\] for some -0 a S L 2 (M n ) satisfying 

(2.8) = 

Hence, the two operators A and a display the same spectrum and their eigen- 
functions are related by the T x -transformation. 

Proof. The proof is trivial. In one direction it follows from applying T x to 
both sides of the eigenvalue equation (12, 8h and, in the other direction, from 
applying T* to both sides of (|2 . T[> . We also need to notice that 

(2.9) T x [a^\ = AT x [ip] = AV 
and 

(2.10) T*[A^} = aT*[^] = aip. 

□ 

Corollary 2.11. We conclude that the physical predictions of the phase 
space and the configuration space formulations of quantum mechanics are 
the same. For the average values we have from Definitions 2.1 and 2.7 

((* |i$)) = (ip\acp) 

and for the transition amplitudes (and probability amplitudes) from Theorem 
2.10 

((*|*a)) = (^a)- 
The same conclusion is valid for the dynamics, 

Theorem 2.12 (Dynamics). Let a : D(a) C L 2 (R n ) -»• L 2 (R n ) be self- 
adjoint. Then ip(-,t) € L 2 (R n ) is the solution of the initial value problem 

dib 

= ai> , = ip G D(a) 

if and only if = T x [ip] is the solution of 

~dt 

Proof. This theorem is also trivial. Again the equivalence of the two dy- 
namics can be proved by applying the maps T x and T* to the dynamical 
equations and by taking into account the relations (|2.9|2.10p and also that 
the time derivative commutes with T x (because x is time independent) 

l-t T ^= T 4t^ 



i =A* , vp(-,o) = r x h/, ]e£>(i). 



and with T* 

A 

dt xl 1 xl dt J 
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□ 



3. Mixed states in phase space quantum mechanics 



The formalism of the last section was defined in the spaces T~L X and pro- 
vides a description of pure states, only. However, one realizes that most 
of the results can be generalized for the case where the space of states is a 
Hilbert space larger than a particular T-L x or is even the entire L 2 (R 2ra ). 

Such generalizations lead to a suitable description of mixed states as we 
now show. More precisely, we will discuss (some aspects of) the extension 
of the formalism of the last section to the case where the Hilbert space of 
states is of the form 

« = ®kU Xk 

for some orthogonal, finite set of functions Xk e L 2 (R n ) such that 

|2 



J2\\xk\ 



1. 



Then 



k 

The normalization of follows directly from the normalization of each ^ k 

\wn\ 2 = ((* i *)) = 5>* i ^){x k i xh) = E ii^ii 2 iix*ii 2 

and this formula suggests that the square of the norm of Xk can be inter- 
preted as the classical probability associated with the fc-component of the 
mixed state \P. 

The ^-representation of a configuration space operator d generalizes Def- 
inition 2.7. We now have 



where the domain is 
and 



A : D(A) cH^H 
D{A) = @ k T Xk [D{a)] 



k 

Let us now recover the quantum predictions for mixed states from applying 
the standard rules of "pure state quantum mechanics" to the phase space 
^-formulation. Let <p a be a normalized eigenfunction of a associated with 
the non-degenerate eigenvalue a (to make it simpler we shall assume the 
one-dimensional case; n = 1). Then a is also an eigenvalue of A (in this 
case, degenerate). A normalized basis of the a-eigenspace of A is given by 
the eigenfunctions 

xt 
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hence the probability associated with the eigenvalue a is (from standard 
rules) 

V(A = a) = £ |((* | <J? Q , fe ))| 2 = Y, I <AJ| 2 IIX.II 2 
k k 

which is then a convex combination of the probabilities V{a = a) calculated 
for each of the components ip k of the mixed state ^f. This result thus re- 
enforces the interpretation of the square of the norm of Xk as the classical 
probability associated with the ^-component of the mixed state. 
The projection of into the a-eigenspace of A yields the state 

T = | * a ,,fe))*a,A = Y,^k I 0a)0a ® Xl 



and so the collapse of the wave function (produced by a measurement of A 
with output a) yields 

T 



T, 



ITI 



Just like for standard, pure state, quantum mechanics the probability V{A 
a) is identical to the transition probability |((*I' | T c ))| 2 . Indeed 



|((*|T C ))| 2 
and since 

we get 

|((*|T C ))| 2 = - 



|T||| 2 = ^|(^|^)| 2 ||x fc | 



ITI 



Ei(^i^)i a iixfcii s 



Hence, a representation of mixed states in terms of standard wave functions 
with support on the phase space is possible. We intend to study this topic 
in more detail in a forthcoming paper. 



4. Phase space Weyl calculus 

We start this section with a brief review of the standard definitions and 
properties of Weyl operators acting on functions with support on the con- 
figuration space (for details and proofs the interested reader may refer to 
[El HH1 [Ml E3 EH E2]). We then present the extension of these operators to 
phase space functions and study the main properties of the resulting phase 
space Weyl calculus. 
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4.1. Standard Weyl calculus. Let if (S(R n ), S'(R n )) be the space of lin- 
ear and continuous operators of the form 5(lR n ) — > <S'(K n ). In view of 
Schwartz kernel theorem all operators a £ if (5(M n ), S"(R n )) admit a kernel 
representation 

(4.1) W(x) = (K a (x, ■),?!>(■)) 
where K a G S'(R n x R n ). The Weyl symbol of a is then 

(4.2) a(x,U= [ e-*»- v K a (x + ^y,x-ly)dy 
and, conversely, 

(4.3) K a (x,y) = ^Jt<*-v) a (^,ti)dfi 

where the integrals are interpreted as generalized Fourier (and inverse Fourier) 
transforms (i.e. in the sense of distributions). The inverse formula can be 
re-written in the form 

(4.4) K a (x, y) = (J^j e^< x+ y^ a a(x - y, £) ^ 



where J- a is the symplectic Fourier transform f)1.2|) . 

An important property of Weyl operators is that, if b £ if (5(]R n ), 5(M n )) 
then c = abe if (5(M n ), S'(R n )) and its Weyl symbol is given by 
(4-5) 

c(zx) = [ — J / / e^ {u ' v) a{z x +\u)b{z x --v)dudv = a{z x )-kb{z x ) 

V 471 "/ J Jr 2 "xR 2 " 1 1 

where * is the "twisted product" or Moyal product familiar from deformation 
quantization [SJ [25j [32] . 

The Weyl correspondence a <— ^ d w (given by eqs. (j4.1)4.2j> ) can be writ- 
ten more straightforwardly as 

(4.6) a w = (^-) [ F a a(z Q )f{z Q ) dz 

where the integral is an operator valued (Bochner) integral and T(zq) : 
L 2 (R n ) — > L 2 (R n ) is the Heisenberg-Weyl operator (z = (x ^ x0 )) 

(47) T(zq) = e~ icr (* x,zo ^ = e _ *( x 'f^-^o' £ ); 

explicitly: 

(4.8) f(x , £ x0 )ip(x) = e^- 1 -^-*")^! - xq). 

Remark 4.1. The Heisenberg-Weyl operators T(zq) are unitary operators 
associated with the self-adjoint Hamiltonians ct(z x ,zq). In fact, one can 
easily check that 

1>(x, t) = U(zo,t)il> (x) = e^' x -^'^ Q {x - tx Q ), ^ e S(R n ) 
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is the unique solution of the initial value problem 

i^ = a(z x ,z )iP , ^(;0)=^ eS(R n ) 

Hence U(zo,t) = e~ ita (* x ' Zo > in 5(M n ) and since both operators are continu- 
ous we also have 

U(z ,t) = e- ita ^' Zo) mL 2 (R n ). 

Finally, it is trivial to check that T(z$) = U(zq, 1). 

The Weyl correspondence satisfies the metaplectic covariance property, 
which will be useful in section 5, 

Theorem 4.2. Let Mp(2n,cx) be the metaplectic group, i.e. the unitary 

representation of the double cover of Sp(2n,a). Let a w a, let S G 
Sp(2n,a) and let S G Mp(2n,cr) be (one of the two) metaplectic operators 
that projects onto S. Then 

(4.9) s- l a w S^aoS 

For proof see [281132]. 

4.2. Weyl calculus in phase space. In this section we consider the exten- 
sions of a w to H x and 5(M 2n ). We will focus on the case where x G 5(M n ) 
so that T x [ip] G S(R 2n ) for all ip G 5(IR n ). 
Let us then introduce the notation 

S x = S(R 2n ) nn x = T x [S(R n )} 

and consider the extension of T x to S'(R n ) 

T x : S'(R n ) — > S'(R 2n ); $ — > T x [j>\ = $ ® X * 

Then = IV [V*] ^ s the distribution 

(%t) = (if>,I^[t]), Vt£S(R 2n ) 

which is well defined because \ G 5(M n ). 

By a natural generalization of Definition 2.7 (to operators of the form 
a : S(R n ) -> S'(R n )) the extension of d w to S x C S(R 2n ) is given by 

A™ : S x — »• S'(R 2n ) 

AJ = T x a w T* x = (J-^j J T a a(z )T x f(z )T* dz Q 
and its action is explicitly 

AW*(x,p)=(±\ (T a a(-),T x f(.)T*y(x,p)) 

which is well defined since 

T x f(x ,Z x0 )T*y(x,p) = e i«-o-*-^.o-*o)$( a; _ Xo ,p) 

belongs to 5(M 2n ) for all (x,p). 



t=l 
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Now consider the following 

Definition 4.3. Let the phase space Heisenberg-Weyl operator be defined 
by 

fp S (z ) : L 2 (R 2n ) — > L 2 (R 2n ) 

(4.10) f PS (zo)V(x,p) := e <(€ -° ,a! -^*° ,!Bo) ¥(a; - x .p)- 
Notice that 

Remark 4.4. From Remark 4.1 it is trivial to conclude that 

Tps(zo) = Ups{z ,t) 

where (Z x = (X,3 X ), cf. Remark 2.8) 

U PS (z ,t) = e- u ^^ 

is the one-parameter unitary evolution group with infinitesimal generator 
o~(Z x ,zq). Moreover, from the definition of Tps(zo) we also realize that 

fp S (zo) = t x t(z )t; 

It follows that can be written as 

(4.11) A x = (~k) J R2n ^a(z )fps(zo)dz . 

Now note that the functional form of the previous operator is independent of 
X and that its action can be consistently extended to 5(R 2n ). This naturally 
suggests 

Definition 4.5. Let the phase space Weyl operator A w : S(R 2n ) — > S'(R 2n ), 
associated with the Weyl symbol a(x,£ x ), be defined by 

(4.12) A w =(■!-) ( T a a(z )f PS (z )dz 

and let us denote by a <— ^> A w (or, more precisely, A f— ^ A w ; see the next 
Theorem) the phase space Weyl correspondence between a (or A) and A w . 

We now prove that A w is indeed a Weyl operator, whose restriction to 
S x satisfies A w \s x = A™ for all X G S(R n ). 

Theorem 4.6. Let a(x,£ x ) G cS'(lR 2n ) be the Weyl symbol of d w . Then the 
operator A w : S(R 2n ) — > S'(R 2n ) defined by 

(4.13) A w * = (J-J (T a a(-),Tp S m 

that is, formally, by eg. {^.12\) , is a Weyl operator with symbol A = a®l, in 
coordinates 

(4.14) A(x,p,£ x ,S p ) = a(x,£ x ) 
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and so Ae 5'(l 2n ®l 2n ). 

Proof. Let * G S(R 2n ). Since f PS ^{z) G 5(M 2n ) for all z and J^a G 
cS^M 2 ™) ^ e p era ^ or A w , gj ven by eq. (l4.13p . is well-defined. We then have 

A w *(x,p) = I J^o.^j^^^^^^-Xo.rfdxoCo 

J- CT a(x - x' \Z x0 )e^ x+ ^ x '^(x',p) dx'd£ x0 



1 x " 



2tt 

where we performed the substitution x' = x — xq. Hence, the action of A w 
can be written 

A w ^(x,p) = {K A (x,p;x',p'),^(x',p')) 
for the kernel K A G S'(M 2n x M 2n ) given by 

K A (x,p;x',p') = (JX 5(p-p')^^a(x-x / ,^ )e5^o-+?,o-')^ o 

where the integral is interpreted in the distributional sense. Comparing this 
expression with eq, (|4.4p we find that 

K A (x,p;x',p') = K a (x;x')5(p - p') 

where K a G S^M™ x W 1 ) is the kernel of the Weyl operator a w . 
From eq. (!4.2p it follows that the Weyl symbol of A w is 

r 1111 

Mx,P,L,C P ) = / ^A(x+-r ?a; ,p+-r ?p ;x--r ?x .,p--? ?p )e- l( ^- r '- + ^- ,? f ) dr ?3; (i?7 f 

JR n xM. n / Z Z Z 

r 11 

= / K a (x + -r) x ; x - -?7j£(77 p )e~ l( ^ + VV dr] x dr] p 

JR"xl" z z 

I 11 

= / K a (x + -7] x , x - -r] x )e-^ v - drj x = a(x, £ x ) 

□ 

Theorem 4.7. The operator A w satisfies 
(4.15) A w 



and we have the intertwining relations 

(4.16) A W T X = T x a w 
and 

(4.17) T*A W = a w T* 
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Proof. The identity A w = is a direct consequence of eqs. (|4. 1114. 12p 
and S x C S{R 2n ). 

Let us prove the first intertwining relation. For every ip S D(a w ) = 5(IR n ) 
we have T x [ip] S S x and so 

A w T x i, = AjT x iP = T x a w T*T x iP = T x a w ^ 

where we used the identity T*T X = 1 in 5(R n ). 
The second intertwining relation follows from 

(4.18) T*f PS (z ) = f(z )T; 

by interchanging the (Bochner) integrals (eqs. (|4.6p and (I4.12p ) with the 
operator T*. The proof of eq. (|4.18p in 5(M 2n ) is straightforward 

T*fps(z )*(x,p) = T*e i( £*°- x -^°- X0 ^(x-x , P ) 

e <£ x o- x -^xo- x o)q,( x _ x ,p)x(p) dp 

= T(z )J ^(x,p) X (p)dp = f(z )T^(x,p). 

□ 

The spectral results for the operators A w follow from the ones for a w by 
a direct application of the previous Theorem. 

Corollary 4.8. Let a w and A w be the Weyl and phase space Weyl operators 
associated with the symbol a G 5(JR 2ri ), respectively. Then 

(i) The eigenvalues of a w and A w are the same. 

(ii) Let x G <S(R n ). If 'ip\ i s an eigenfunction of d w then ^ x = T x [if) x ] is 
an eigenfunction of A w (associated with the same eigenvalue). 

(Hi) Conversely, let ^\ be an eigenfunction of A w . If ip x = T*[ty\] ^ 
then ip x is an eigenfunction of a w (associated with the same eigenvalue). 

Proof. Let x £ 5(M n ) and let tp x De an eigenfunction of a w 

a w 4} x = Xip x . 

Then ^a = ^J^a] is an eigenfunction of A^ (associated with the same 
eigenvalue) 

A w * x = A W T X [^ X ] = T x a w ^ x = XT X ^ X ] = A* A 

where we used eq. (|4.16p . This proves (ii). 
Conversely, assume that 

A w ^ x = A* A 

and let x G S(R n ) be such that tp x = T*fi>\] ^ 0. Then 

a w ^ x = a w T*^ x = T*A W ^ X = AT*tf A = AV>a 
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where we used eq. (|4.17j) . Hence ifj\ is also an eigenfunction of a w (associated 
with the same eigenvalue) which proves (iii). 

To conclude the proof of (i) we just notice that for every ^\ G 5(R 2n ) — {0} 
there is always some \ G S(R n ) such that T*[^a] / 0. □ 

5. MOYAL REPRESENTATION 

In this section we construct another phase space representation of quan- 
tum mechanics, which is intimately connected with the deformation quanti- 
zation of Bayen et al [5j [6] . Namely, the eigenvalue equation (for a generic 
Weyl operator in this representation) is just the Moyal *-genvalue equation 
(for the Weyl symbol of that operator) and its solutions are thus the *- 
genfunctions (Theorem 5.8 and Corollary 5.9). Moreover, the Schrodinger 
equation (in this representation) can be written in terms of the Moyal 
starproduct and the Weyl symbol of the Hamiltonian operator (Corollary 
5.10). For these reasons we shall call it the Moyal representation. This for- 
mulation of quantum mechanics has been studied before (also for the more 
general case where the canonical structure is given by the extended Heisen- 
berg algebra [13] ) using a set of partial isometries L 2 (M n ) — > L 2 (IR 2n ) (the 
windowed wavepacket transform, familiar from time- frequency analysis [22] ) 
mapping the standard Schrodinger configuration space representation into 
the Moyal phase space representation [181 [191 [20] [21] . Here we will follow 
a different approach by showing that the Schrodinger phase space repre- 
sentation and the Moyal representation are related by the unitary (in fact 
metaplectic) transformation U associated with the symplectic transforma- 
tion eq. (jl.9p . This result allows us to translate the Weyl pseudo-differential 
calculus and the spectral and dynamical results of the Schrodinger phase 
space representation directly into the Moyal representation. 

In the next subsection we will determine the unitary transformation U 
explicitly and show that its action on <!' G S% is nothing else but the cross 
Wigner function associated with the density matrix element |V')(xl- I n sub- 
section 5.2 we use the transformation U to determine the Weyl pseudo- 
differential calculus in the Moyal representation. Finally, in subsection 5.3 
we construct the eigenvalue and dynamical equations in this representation 
and study their relation with the deformation quantization formulation. 

5.1. Unitary transformation. In this section we determine the one-parameter 
quantum evolution groups generated by the operators 

(5.1) H R = -Z x -Z p -X-P 

which are obtained after quantizing the Hamiltonians (11.1011. IT]) and use 
then to determine the explicit form of the unitary operator U. Note that 
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the operators X, P,E x ,E p are given in the phase space Schrodinger repre- 
sentation 

(5.2) X = x = (xi,...,x n ) , P = p= (pi,...,p n ) 

d x — id x — ( id x \i id X n)i zip — idp — ( iOpi, idpn) 
Remark 5.1. Both Hjj and Hr are self-adjoint on their maximal domains 
D max (H D ) = G L 2 (R 2n ) : H D V G L 2 (R 2n )} 

D max (H R ) = G L 2 (R 2n ) : H R * G L 2 (R 2n )}. 

This immediately follows from the fact that they are polynomial differential 
expressions which are formally self-adjoint |15j 

We then have 

Theorem 5.2. The one-parameter quantum evolution group generated by 
Ho is given by (s G R) 

(5.3) U D {s) : L 2 {R 2n ) ^ L 2 (R 2n ); U D (s)^>(x,p) = e- ns ^{e~ s x, e~ s p) 

Proof. Since H D is self adjoint and S{R 2n ) C D{H D ) 

V(x,p,s) = e~ lsHD ^ (x,p) 
is the unique solution of (cf. [|26J, chapter 5]) 

i^ = H D ^ , *(-,0) = vI/ gS(1R 2 "). 



This equation reads 

~ds~ 

and it is trivial to check that 



i-^- = —i(x ■ d x + p ■ dp + n)\l/ 



9(x,p, s) = e ns *o(e s x,e s p) 

is its explicit solution. Defining 

U D {s) : L 2 (R 2n ) -»• L 2 (R 2n ); U D {s)9(x,p) := e- ns 9(e- s x, e~ s p) 

one can also easily check that Uo{s) is linear and unitary (so bounded and 
continuous) operator. Since 



U D (s)\ s{R2n) = e~ isH ° 
and both operators are continuous (and 5(M 2n ) is dense in L 2 (R 2n )), 

D -isH D 



U D (s) -- 

□ 
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Theorem 5.3. The one-parameter unitary evolution group generated by Hr 
is 

U R {6) :L 2 (R 2n ) -^L 2 (R 2n ) 



(5.4) U R (9)V(x,p) := T- 1 tf(xcos0 + £ p sin0,£ p cos 9 — x sin ( 



where 



and 



*(x,£ p ) = T p [^(x,p)]{x,C p ) 



fop) 



(2ir) n / 2 



1 



e l ^p' p ^(x,p) dp 



are i/&e partial and inverse partial Fourier transforms, defined as unitary 
operators on L 



2(m,2n\ 



Proof. Since Hr is self-adjoint and 5(R 2n ) C D(Hr), the unique solution 
of the initial value problem 

(5.5) & = H R V , $(-,0) = *o eS(R 2n ) 



89 



is given by 

(5.6) 

Since 



V(x,p,6) = e~ ieHR ^ {x,p) 



Hr = d x ■ d p - x ■ p = T p x iip-d x -ix- d^ p 



T 

J r) 



we conclude, defining i&(x,£ p ,9) = T p \%>(x,p,9)\, that ^ satisfies the initial 
value problem 



iip-d x -ix-d^ p *{;0) = * eS{ 



!>2n\ 



09 

whose solution 

y(x,Zp,9) = * (x(9),Z p (9)) 

x(9) = xcos9 + £ p sin# , C p (9) = — xsin# + £ p cos6* 

always is in S(R 2n ). 

Hence, the unique solution of (|5.5p is 

= F- 1 



( x cos $ + £ P sin 0, —x sin 9 + £ p cos i 



#fop,0) = Jp 1 [*(aj,$ p} 6 
Defining 

£7^(0) : L 2 (R 2n ) -> L 2 (M 2n ) 

XJr{9)^{x,p) := .F~ ^(xcos/? + £ p sin#, — xsin# + £ p cos( 

it is trivial to check that Ur{9) is linear, unitary (so bounded and continuous) 
operator. Since by (|5.6p 



Ur{9)\ 



-iOH R 



S(R 2 ™) 
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and both operators are continuous (and 5(M 2n ) is dense in L 2 (M. 2n )), 

u R (e) = e -^. 
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□ 



We are now in position to define the unitary operator that corresponds 
to the symplectic transformation eg. (|1.9j) 



Corollary 5.4. Consider the unitary operator 



U : L 



2(m2n 



2 /to 2m 



U := U^ 1 {In V2)U^ (ir /A) 



defined by 
(5.7) 
Then U acts as 

(5.8) U^>(x,p) = Tp 1 [*(x-£ p /2,x + £ p /2)] (x,p) 

and for 

V(x,p) = T^[ip](x,p) = ip(x)x{p) 
where %{p) = ^ p [x(^ p )](p) and x*(p) = xip), we have 



(5.9) UV(x,p) 



1 



(2tt)' 



which is (up to a factor of (2ir) n / 2 ) the cross Wigner function associated 
with the density matrix element \ip)(x\, *.e. UT%[tp] = W(ip,x)- 



Proof. We have 

t/ K V/4)* (x,p) = U R {-ir/4)*(x,p) = T- 1 



(2vr)«/ 2 J Rn - ' v 2 
and since for arbitrary $(x,p) G L 2 (M 2n 



V2, 
2 



E/^lnv^Sfop) = C/ D (-lnV2)$(x,p) 

= e nlnV ^c & ( e lnv / 2 X;e lnv / 2 p) 

= 2 n/2 $(v / 2x, v^p) 
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we get 



!2;r)W2^„ e ^ 2 2 ' p 

#(x-£ p /2,x + £ p /2)l (x,p) 



J v 



where we made the change of variable £' p = V^Cp- This proves eq. (|5.8|) . 
To prove eq. (|5.9p consider eq. (|5.8|) for ^(x,p) = ip(x)x*(p). We have 

since 



x*(p) = Ft,m P )]<p) = J7V(€p)l(p) 

we get 

*(x,Q=T p [*(x,p)]=ij(x)x*(Z p ) 
and the result follows. □ 

Finally, we consider the action of the unitary transformation on the fun- 
damental operators 

Theorem 5.5. The operator U maps the Schrddinger phase space repre- 
sentation A5.2\) into the Moyal representation of the Heisenberg algebra on 
L 2 (R 2n ) 

X = UXU- 1 = X - §f = x + i\d v 
P =UPU- 1 = P-^-=p + i\d x 
E x =UE x U~ 1 = P + f=p-qd x 
E p = UEpU- 1 = X + ^ = x - i\d v 

Proof. We first notice that the operators Hp, and Hr are self-adjoint and 
quadratic. Hence, the solution of the Heisenberg equations of motion 

i^Z=[Z,H] , Z = X,P,E x ,Ep 

coincides with the classical solution for both H = Hp> and H = Hp. The 
operators (|5.10p are the iJ^-evolution (up to t = 7r/4) of the ifo-evolution 
(up to t = ln\/2) of X,P,Ex and Ep. The solution (|5.10p then follows 
from the equivalent classical solutions that were obtained in section 1.1. We 
have, for instance, for X 
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Finally, since the transformation is unitary, the commutation relations are 
preserved and the operators (|5,lUp provide a phase space representation of 
the Heisenberg algebra. □ 

5.2. Moyal-Weyl pseudo-differential calculus. A generic operator in 
the Moyal representation can be obtained from the corresponding operator 
in the phase space Schrodinger representation by the action of the unitary 
transformation U. For the operators A w the action of U yields the Moyal- 
Weyl pseudo-differential operators 

(5.11) A w = UA W U' 1 = (±X [ F a a(zo)Uf PS ( 

where the domain of U (15.81) was trivially extended to S'(M 2n ). 
We then have 

Theorem 5.6. The Moyal-Heisenberg-Weyl operator 

f M (z ) := Ufps^U- 1 : L 2 (R 2n ) — ► L 2 (R 2n ) 

is given explicitly by (z = (xq,£ x q) G R 2n ) 

(5.12) f M {x ,UMx,p) = e-^-^Vix - - $f). 

Proof. We recall from Remark 4.4 that Tps(zo) is the unitary operator 

f PS (z ) = e-*** 
associated with the infinitesimal generator 

H Zo = a(Z x ,z ) = x ■ E x - £ x0 ■ X 

Let now 

f(z ,t) = Ue-^oU' 1 

Then Tm(zo) = T(zq, 1) and ^(z,t) = T(zQ,t)^o(z) is the unique solution 
of the initial value problem 

(5.13) iJU = UH^U- 1 *, *(-, 0) = $ £ S(R 2n ) 
Since (cf. eq.flEEJI) 

UH^IJ- 1 = x ■ P - £ x0 ■ X + \{x Q ■ E x + Cxo ■ S p ) 

it is trivial to check that 

iS(z,t) = e -^ Xo - p -^- x ^o(z ~ \z t) 

is a solution of eq. (|5.13p . It follows that T(zo,t) is unitary and extends 
trivially to L 2 (R 2n ). Hence, f M (z ) = f(z , 1) is, in fact, the unitary trans- 
formation given by eq. (|5.12p . □ 



t=l 
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Theorem 5.7. Let a(z x ) G 5(M 2n ) be the Weyl symbol of a w . The operator 
A w : S(R 2n ) -»• S'(R 2n ) given by explicitly 

(5.14) Ff(^) = ^ (F CT a(-),T M (.)*( Z )) 

zs a VFeyZ operator with symbol 



and we s/iaW whie a Moy ^L^ eyl j^v j or ^ g "Moyal-Weyl correspondence" 
between a and A w . 

Proof. A simple proof follows from Theorem 4.2 and the fact that U^ 1 G 
Mp(4n, a x © a p ) (because it is a unitary transformation generated by qua- 
dratic Hamiltonians) and projects into the symplectic transformation S G 
Sp(4n;a x © a p ) 



S(x,p,£ x ,£ p ) = (x- y,p- y,p+ y,X + ^) 



that was calculated explicitly in section 1.1. Hence, a direct application of 
Theorem 4.2 leads to the conclusion that 

A w = uA^u- 1 

is the Weyl operator with symbol Am = AoS (where A A w ), explicitly 

A M (x,p,t x ,Q = A(x - *k,p-k }P + k )X+ |) 
Since A satisfies (|4.14p we also get 

^-M^p,^,^) = o(x - y,P + y) 
which concludes the proof. □ 

5.3. Deformation Quantization. In this section we succinctly discuss the 
relation between the Moyal representation and the deformation quantization 
of Bayen et al. [5j[6]. For a complete presentation the reader should refer 

to [sol mi m 

Theorem 5.8. Let A w : S(R 2n ) -> S'{R 2n ) be the Moyal-Weyl opera- 
tor ^5.14\ ) written in terms of the Weyl symbol a G 5'(R 2n ) of a w , i.e. 

a M °y^ £ y l A w . Then, for all * G S(R 2n ), we have 

A w ^ = a*^ 



where * is the Moyal starproduct j^.5[ ). 
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Proof. For completeness we review the proof of |20| . 
For * G S(R 2n ) we have 

V 27r / JR 2n 

= (^~) I \f e- i ^ zo ' zl '>a(z 1 )dz 1 }e- l ^ z ' zo ^{z-lz )dz 

V 27r / J«. 2n Uw. 2n J 2 

Letting zq = v and zi = z + and noticing that 

<?( z 0, z+-u) + a(z, z ) = ^a(z ,u) 



we find 

A w *(z 



\47ry 7 M 2n y R2 n 2 2 

which is exactly a * ^ cf . (|4.5|) . □ 

Two immediate corollaries are 

Corollary 5.9. is the right- stargenf unction of a, i.e. 

a-kfy x = A* 

iff^x is an eigenfunction of A w Mo ^i_}^ eyl a ^ 

A w * x = A^A- 

and: 



Corollary 5.10. The Schrodinger equation in the Moyal representation can 
be written in the form 

i— - = h-k^ 
dt 

where h Mo \ al ~ Y eyl H w and H w is the Hamiltonian of the system in the 
Moyal representation. 

In view of the spectral relation of a w and A w (Corollary 4.5) and the 
unitary relation between a* = A w = UA w U~ l and A w (cf. eq. (|5.1ip ). we 
also have 

Corollary 5.11. Let a G S'(R 2n ) be the Weyl symbol of d w . Then 

i) The eigenvalues of the stargenvalue equations 

(5.15) a*fy x = ^x 
and 

(5.16) a^A = AVa 
are the same. 

ii) If i>\ is an eigenfunction (solution of eg. §5.16\) ) then ^\ = UT x ip x is 
a stargenf unction (solution of A5.15\) ) associated with the same eigenvalue. 
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in) Conversely, if^x is a stargenf unction and = T*U 1x I / a 7^ then 
ip^ is an eigenf unction of a w (associated with the same eigenvalue). 

Proof. The result follows from Corollary 4.5 by a direct application of the 
unitary transformation U (taking into account Corollary 5.10). □ 
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